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Traceless multipole moment densities and transformations in macroscopic electromagnetism
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We consider whether use of traceless multipole moment densities in macroscopic electromagnetism can
yield physically acceptable results. For harmonic plane wave fields it is shown that a traceless electric quad-
rupole density yields linear constitutive relations for which the dynamical material con§bentsittivity and
magnetoelectric coefficientand response fields are unphysical. We further show that, within multipole theory,
these constitutive relations cannot be transformed into physically acceptable relations. Specifically, the trans-
formed response fiel® is unphysical for all orders beyond the electric dipole. This contrasts with use of
primitive (traced moment densities, for which unphysical constitutive relations have been successfully trans-
formed up to electric octopole-magnetic quadrupole order, thereby providing also the leading contribution to
the ac permeability.
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I. INTRODUCTION charges in a molecule. We refer t6) as a primitive (or
There have been numerous discussions of the manner Elﬁgggldesrgonr;fnq;;é;)j'S.t;?s:ellsehsslt r;r&? (§|hee rﬁg;?&;ggmg
which the macroscopic Maxwell equations i P

hence traceless densitiesan be constructed for all orders

V -D=ps, (1)  beyond the electric dipole.

It is well known that in the electrostatics of a charge dis-
_ : tribution in vacuum the traces of successive primitive elec-

VXH=J+D 2) tric multipole momentsqy, Ok €tc) do not contribute to
can be deduced from the microscopic equations of electrahe potential or the field; this is a consequence of Laplace’s
dynamics. Essentially, one performs suitable averages of sequation[7,8]. There has been discussion in the literature on
ries expansions for the microscopic charge and current dewhether this property applies also in macroscopic electrody-
sities (or for the dynamic scalar and vector potentialBhis  namics; that is, whether one can repl&8g for example, by
introduces the macroscopic multipole moment densities. De-9]
tailed accounts have been given by Russakbff Robinson
[2], Scaife[3], and Jacksom4], where references to earlier D, = &F; + P, - }V@r, (6)
work can be found. For consistency in these multipole ex- 3
pansions, it is necessary to pair successive electric and mags are
netic multipole orders beyond the electric dipole in a particu-
lar way, namely, electric quadrupole with magnetic dipole, 1
electric octopole with magnetic quadrupole, and sq56]. 0; = 5(3Qij = Qudij) (7)

To electric quadrupole-magnetic dipole order the response
fields are given in terms of the macroscopic electric ands the traceless electric quadrupole moment density. It has

magnetic fields and moment densities [ly-6] been shown that with given by Eq.(6), the Maxwell equa-
1 tions (1) and (2) lose their translational invarian¢&], and
D = &F; + P - ZV,Q; (3)  certain macroscopic observables in transmission phenomena
2

[10] and electrostatickl1l] are unphysical because they de-
pend on the choice of origin for the laboratory system of
H;= ,ualBi -M;, (4) coordinates. There are exceptions, where the t@geloes
not contribute, namely, in the theory of optical activity for
light propagating along the symmetry axis of a fluid of
aligned molecule$9,10], and the theory of field-gradient-
Jjnduced birefringencg¢12,13. However, it is clear that in
general it is not valid to negled®,,.. Even in the simple
example of multipole radiation, the trace of the electric quad-
rupole moment makes a contribution in media where the
= T radiated fields have longitudinal componefitg].
g = 2 arirj, (5 . lina _
An alternative way of bringing the macroscopic theory
wherer is the position vector of chargg relative to an into conformity with electrostatics has been preserd
origin inside a molecule, and the summation is over alllnstead of omitting the trac®,y in Eq. (3), one incorporates

where P; and M; are the electric and magnetic dipole mo-
ment densities, an@;; is the electric quadrupole moment
density. These densities are obtained frameighted spatial
averages of the relevant multipole moments of “molecules
in the medium[1-4]. Thus Q; involves an average of the
electric quadrupole moment
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it into the free source densities in such a way that the Max- IR | 1 4., o
well equations(1) and (2) are unaltered. Thus, fdd given P = ajEj + o gy E; + EaijkvkEj oo i VkE; + G;B
by Eq. (6), one makes the replacements

+ 0 'G}B;, (12)
1
pr— pst EVZQkkv (8) L
Qij = ayijEx — 0 ayEx, (12
1_ - _ —1~7
i — Ji — éViQkk 9 Mi=G;Ej -~ 0 G;E. 13

Here a;; (g andGj;) are polarizability densities of electric
in Egs. (1) and (2). Higher-order multipole contributions to dipole (electric quadrupole-magnetic dipplerder for non-

D andH can be redefined in a similar way, and they result inmagnetics, andy; aj,, and G;; are their counterparts for
complicated modifications tp; and J;. The purpose of this Magnetics. _ _ o
paper is to discuss the physical implications of using the Quantum-mechanical expressions for these polarizability
traceless formalism of Eqg6)—(9), and to compare these densities are given |n.Rd.316]. For our purposes the relevant
with the use of Eq.(3), which is based on the primitive features are their intrinsic symmetrig%16,17

densityQ;;.

Note that transmission phenomena do not allow one to
distinguish between the primitive and traceless formalisms , ,
because the wave equatip®,15] obtained from Eq(2) is Qijk = Aikjr ik = Qi (15
the same whether one uses E8). or Egs.(6)~(9). Instead, and origin dependencés, 16]
we consider linear constitutive relations which express the

ajj = aji, ai'j == aj'i , (14)

response field® andH in terms of the electric and magnetic Ae;; =0, Aai’j =0, (16)
fieldsE andB. In addition to providing macroscopic observ-
ables (material constanjs these relations are required for Aayj = - Reaj — Rjay,  Aafy =~ Reaj — R, (17)

field matching at a crystal surfad¢é,16], and for our pur-

poses they provide a more stringent test of the theory than do 1 1

transmission effects. AGj = - sweRa@j, AG=soweR@.  (18)
The microscopic starting points of both formulations in- 2 2

volve expectation values of appropriate multipole momeniere ¢, is the Levi-Civita tensor, and denotes a change

operators. It is well known that these expectation values argue to an arbitrary shifR=(R,,R,,R,) of the coordinate

the same for the two formulations, at least to electricyrigin of the laboratory system. Equatiofi)—(18) apply to

quadrupole-magnetic dipole ordeec. V). It is therefore of  yoth nondissipativeand dissipative media.

interest to enquire what differences, if any, arise as one pro- For 3 homogeneous medium, E3), (4), and(10)—(13)
ceeds to the macroscopic theory and its transformations. yje|d Jinear constitutive relations of the form

In Sec. Il we give a brief account of recent work on the

multipole theory of constitutive relations based on primitive Di =AjE; + Tj;B;, (19
moment densities. Although these constitutive relations ob-
tained directly from multipole theory are unphysical, they Hi = U;E; + X B;. (20)

can be transformed into physically acceptable relations. In ) o
Sec. IIl we obtain constitutive relations based on the tracel "€ complex material constants represent the permittivity
less quadrupole moment densi®), and show that these are (Aj), magnetoelectric coefficientd;; and Uy), and inverse
also unphysical. In Sec. IV it is shown that, within multipole Permeability(X;), and they are given by

theory, the latter constitutive relations cannot be successfully

1
transformed. A = €8 + ajj —iaj + §(|aijk —layy + aj + ik,

21
Il. CONSTITUTIVE RELATIONS FROM PRIMITIVE (21)

QUADRUPOLE MOMENT DENSITIES

T =G ~ iG], (22)

We consider the electromagnetic fields of harmonic plane
waves U =-G; -iGj, (23)
E= Eoei(k-r—wt), (10) Xil\jn - M515ij ' (24)

and similarly forB. The multipole moment densities in Eqs.  The superscripi denotes material constants obtained di-
(3) and (4) that are induced in a magnetic medium by therectly from multipole theory, to distinguish them from the
fields are, to electric quadrupole-magnetic dipole ordetransformed material constants referred to below. We see that
(15,17, terms of electric quadrupole-magnetic dipole order provide

036620-2



TRACELESS MULTIPOLE MOMENT DENSITIES AND.. PHYSICAL REVIEW E 71, 036620(2005

the first-order terms in the magnetoelectric coefficients, and Ill. CONSTITUTIVE RELATIONS FROM TRACELESS
the second-order contribution to the permittivity, while they QUADRUPOLE MOMENT DENSITIES
do not contribute to the permeabilityTo obtain the first-
order contribution to the permeability, one must work to
electric octopole-magnetic quadrupole orfiEs].)

There are three conditions that must be satisfied by th
material constants in Eq$§19) and (20).

(1) Symmetries. For nondissipative media the following
symmetries apply19-22:

We now come to the main part of this paper, namely, what
are the properties of constitutive relations based on traceless
lectric quadrupole moment densities, and, if necessary, can
they be transformed?
We first consider how Eqg11)—(13) are modified in the
traceless formalism. The only polarizability densities in Eqgs.
(11)—(13) that involve the electric quadrupole moment opera—

A=A, Ti=-Up X=X, (25)  tor are the quadrupole polarizability densitiag and ajj,
Using Egs(14) and(15), and because the wave veckoand E)le(sgoggjsz]Eq -(13) is unchanged, while Eq$11) and(12)

the polarizability densities are real for nondissipative media,
we see that Eqg21)—(24) possess these symmetries. 1 1
(i) Translational invariance. Polarizability densities be- P;= q;E;+ w” a E + A,JkaE + 3w AukaE +G;;B;
yond electric dipole order are origin-dependent quantities
[see EQs.(16)—(18) and Ref.[16]]. Thus when multipole + 0 lG'B: (31)
: . iiBj»
theory constructs macroscopic observables out of polariz- 17
ability densities, it should combine these densities in such a
way that the overall expressions are origin independent. This 0y = AgiEx - a,-lAl'<ij Ej, (32
it does successfully in the wave equation for transmission
phenomena, but not for the material constd@BH—(23) [6]. ~ We refer toA andAi’jk as traceless quadrupole polarizabil-

For example, according to Eq&l8) and(22), ity densities to distinguish them from the corresponding
i primitive densitiesa;;, and ai’jk. The relationships between

ATi'\J./' =~ ~weuR(ay —iay), (26) these tensors can be written down by noting that the primi-

2 tive densities involve matrix elements of the primitive quad-

rupole momenty; in Eq. (5) [16], whereas the traceless den-

which, for ac effects, is not zero in general. ST :
sities involve matrix elements of the traceless moment

(iii) The Post constraint. This constra{®0,23 requires
equality of the traces of the magnetoelectric tensors

1
T, =U;. (27) 5(3% = OkSij) - (33

It is violated by Eqs(22) and(23).

Thus the material constan{®21)—(23), obtained directly
from multipole theory, fail to satisfy two of the above con-
ditions. This failure of the theory occurs also at electric 3 1
octopole-magnetic quadrupole ordé. Aijk =~k = =i Sk, (34)

A way round this difficulty is provided by a transforma- 2 2
tion theory based on the nonuniquenes®aindH in Max-
well's equationd 6,24]. This theory transforms the unphysi- ., 3, 1,
cal material constant®1)—(23) into [6,24] ik = 58k ~ 3 Ojk- (35

Replacingg; by (33) in Egs.(B8) and(B9) of Ref.[16], we
have

H ! 1 ! ’ ! . .
Ajj = €0 + ajp —la + g(ai,-k +ayi+ag)ke,  (28)  These tensors have the following properties. The trages
andAj;; are zero, and therefor®;; in Eq. (32) is traceless.
Also, from Eqgs.(34), (35), (15), and(17) we have the intrin-

1 1 : .
w€1k|akn) +Gjj - 3G||5|j - gwfjklaﬁna sic symmetries

Tij :_i<G|J 2

(29 A =Aigs - A = Al (36)
1 1 and the origin dependences
Ujj = ‘i(Gj'i - Eweiklaklj) -Gy + 3G||5 + éwfmafdj- ;
(30) AAj = Rkau R it Ry Oji (37

while it leaves Eq.24) unchanged. These transformed ex-

pressions are unique, origin independent, and satisfy the 3 3

symmetries(25) and the constraint27). They are therefore AN = szai'j - ERjai,k"' R @ S (38)
physically acceptable expressions for the material constants

of a magnetic medium to electric quadrupole-magnetic di- Constitutive relations follow from Eq$4), (6), (10), (13),
pole order. (31), and(32). They have the fornf19) and(20) with
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1 .
Ai‘ = €fy + oy~ + é(iAijk — A + Ajj + AjidKe G
[Here we have taken account of the propékty=0, and the
(39 symmetry in Eq.(36) for Aj.] The tensors in44) are all
and TV, UM, and XV given by Eqs.(22)—(24). The permit- axial and therefore so are Iinear combinations constructed
tivity tensor (39) satisfies the symmetry i(25), but it is not ~ rom them. Becausé} and Y| are necessarily polafsee
origin independent according t87) and (38). Thus the ma- 2PoVe, it follows that
terial constants obtained directly from multipole theory using

G!

i Gidi  €Aai €A €Ak (44)

: . . Xe=Y;=0 (45)
the traceless formalism have the same unphysical properties :
as those of the primitive formalism in Sec. IlI: three of them 44 it
are origin dependent and the Post constraint is violated. Wgsmg( ) we write
therefore consider whether these material constants can be o ,
transformed into physically acceptable quantities. Ui = B1Gjj + B2Gu + B3Gi 8 + Ba€iA; + BseinAii
+ Be€ijkAlik s (46)
IV. TRANSFORMATIONS
F _ ! ! ’

The response fields in Eq&l9) and(20) are represented Zij = nGij + 72Gji + 736118 + va€iaAuy + Ys€jiaAi
by complex harmonic plane waves likg0). For such fields, + Ys€iikAlk. (47)
the Maxwell equationg1) and (2) are invariant under the
transformation$24| where the 12 coefficients; andy; are to be determined. The

tensors on the right-hand sides of E¢86) and (47) are all
(40) time even, whlleUG and ZF are necessarily time odee
above. Therefore thq@, and v, are either imaginary or zero.
Next, we make a convenient manipulation. From Egs.
(40), (46), and(47), and Faraday’s law for a plane wave, we

1 1
Ay — Al = ;eiklkkul(j; = €nkiZy

1
Tj — Ti'}" - elk,kkxIl +Z,J, (42 see thatA;E; contains the terms
1 ’ !
1 — —(€B3d — €jk1¥361) CmnkEj = = (Bs + ¥3) G B
Uij — Ul'\]/I + UI(? + _EjklkkYi'|:1 (42) @
@ (48
X Hxi’\j/' +X5+Yi'j? (43)  Incorporating Eq.(48) in T;;B; in Eq. (19), and using the

direct multipole results of the previous section, we obtain
of the direct multipole material constants. The supersdéfipt from Eqgs.(40)—(43) and (45)—47)
denotes a Faraday transformation, wh8edenotes a gauge
transformatior{ 24].

The tensor:tJﬁ, X, Yf, andZj; should satisfy the follow- Ajj = €08 + agj + 'kk ik ~ Ali) flklkk(ﬁlGIJ
ing criteria.
(i) For a given multipole order, they are constructed from + B,Gi) + Ba€imrAmnj + Bs€imrAmni + Bs€ijmAnnm)
the polarizability densities of that order, aag and €;;,; see 1
(44). They are linear in the polarizability densities and, at + —€uk(71G + ¥2Gfi + Ya€imrAmni + Ys€imnAmni
electric quadrupole—-magnetic dipole order, are independent w
of the wave vectok. + Ye€imAnnm) » (49)

(ii) The transformations should be consistent with the re-
quirements of space inversion and time reversal, and thls
means that/f and Z{; are time-odd axial tensors, whik{’ =~ iGjj + yGj + 726 + Ya€iaAu; + Vs€iaAui + Vo€ikAik
andYE are time- even polar tensors. - BsG| 8, (50)
(|||) The transformations should preserve the symmetries
(25) and they should impose origin independence on the ma-

terial constants. Ujj = —iGji + B1Gj| + BoGji + B3G) 6 + Ba€iiAuj + Bs€jAxi
iv) A Faraday transformation cannot change the response

fiel(ds)D andH g k P * e (53)
We now apply this transformation theory to the traceless

formalism at electric quadupole—magnetic dipole order. Con- Xij = ,ualé,j. (52

sider first a nonmagnetic medium. Then the nonzero polariz-

ability densities areG’l and Ajy. The available building Now impose origin independence @i andU;;. For a shift
blocks for constructng,J, X,‘f, Yﬁ, and ZF are the second- of origin R=(0,0,R) one finds from Eqgs(51), (37), and
rank tensors (18
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1 3 3 1 1 The transformed permittivity40), or (49), is now fixed
AUy =Ry o S0+ 5 Bs= 55| + ayy| Slw =S 0f; because from Eqg¢41), (42), (45), and(61):
3. 3 Uy =-U} =iG; (62)
- 5,34 - Eﬂe) +a, (= Ba+ Bs— 2B6):| . (53 ! ! g
Fo_TM-iG!
Since ayy, ayy, a,, are independent components @f, the Ziy == Ty =1G;. (63
invarianceAU,,=0 requires From EQgs.(39), (40), (62), and(63) we have
wpPi+3Bs—3B=0, (54) T1 11
Aij = 605ij T+l g(Aijk ‘Ajik) - ;GimGu + ;fjleil Kic-
iw— -38,—-3B;=0, 55
0= wfy~3B4~ 3P (55) 64)
= B4+ Bs—2B=0. (56) This is the transformed permittivity for a nonmagnetic

Invariance of the other components 6f does not provide medium according to the traceless theory. It is not origin
J. .
additional equations for thg;. From Eqs(54)—(56) we have independent because from E¢$6), (18), and(37),

1

Bo=1+ Py, Bs=‘§w,31‘,34: ﬁez‘éwﬁl‘ﬁm A = élkle(a"gjk_ % 9, (65)
(57)  which is not zero in general.

If the medium is magnetic then there are additional con-
tributions to the material constants: thatd|‘j1 [see Eq(21)]
and the transformed ones associated with the polarizability

2 1 densitiesG;; and A These contributions must be added to
Uj; = Bl(Gi’j +Gji - éweimAk” + éweijkAllk> + B5G) 8. Egs.(61), (64), and 52). The details are similar to the above
and we simply quote the final results:

With Eq. (57) in Eq. (51), a short calculation shows that the
terms inB, cancel, and

(58) . _
i [ ,
A similar calculation based on E¢50) andAT,,=0 yields Ajj = € + ajj — i + |:§(Aijk = Aji) = ;L‘imG“
s __2 __1 i 2
=TIt YT TZO%2T Ve %TT39%27 Vs + ;'Ejleﬁ + §(Ai,jk + A+ A)
(59 5
Then Eq.(50) becomes ~ 25 ZAid ~ A ok~ Ay 5ki)}kk' (66)
i I 2 1 !
Tij= 7| G +Gji - EwejklAkli - gwEijkAIIk = B3Gy 65 1 2 L, )
Tij = Gij - §G||5|j + 4_5w€ijkA||k - §w5jkIAin' (67)
(60)
The magnetoelectric coefficients8) and (60) are origin in- 1 2 1
dependent for all values of the coefficierg, B;, and y,. Uij == Gji + ;G 6 + o€ A + S weiAyg;,  (68)

3 45 9

Note that it was only necessary to impose origin indepen-
dence on thexy components off;; andUj;; invariance of all )
other components followed. Xij = o~ 0 - (69

We now impose the symmetrl; :—U; of Eq. (25). Be-
cause the3; and y; are imaginary or zero in Eq$58) and
(60), this means

These are the total transformed material constants, to
electric quadrupole—magnetic dipole order, of a magnetic
medium in the traceless theory. They satisfy the symmetries

Bi=7v, fB3=0. (25), and T;; and Uj are trac_eles:f, _and origin independent.
However, the permittivityA;; is origin dependent because,
ThusUj;; in Eq. (58) is proportional toy, and the response according to Eqs(16), (18), (37), and(38),
field H in Eq. (20) depends ony,, which is a coefficient in a
Faraday transformation; see E@7). This violates the re-
striction mentioned above, that a Faraday transformation
cannot change a response fi¢@#]. Thus y,=0, and the

magnetoelectric coefficients of a nonmagnetic medium are Such origin dependence for a macroscopic observable is,
transformed to zero, of course, unphysical. For example Df denotes the ampli-

tude of a harmonic response fidldthen, from Eqs(19) and
U =T; =0. (61) (67,

1
AA; = éikle[(a'il —ia)) G~ (qy +iay)&l.  (70)
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ADg; = (AAy)Ey;. (71 ries are the saméThis is not true at elect_ric octopole order

) ] because the trace of the primitive electric octopole moment

According to Egs(70) and(71), the amplitude of the trans- gperator does contribute to the expectation va[2%})

formed response fiel® is origin dependent in the traceless  (y) A difference in the two approaches first appears in the

formalism. permittivity tensors obtained directly from macroscopic mul-
tipole theory. The difference of the permittiviti€89) and
(21) is, when expressed in terms anda’, using Egs.

V. DISCUSSION (34) and (35), eqﬁal to B e 9

(i) The two main results obtained in this paper are, first,
that constitutive relations obtained directly from multipole
theory in the traceless formalism are unphysic@éc. 1),
and, second, that they cannot be transformed into physicallyhe first term in(72) makes a contribution tB in Eq. (19) if
acceptable relation&Sec. IV). This contrasts with the primi- the macroscopic electric fieH is not transverse. The second
tive formalism where unphysical constitutive relations can beerm in Eq.(72) is due to the different electrodynamic ex-
successfully transforme(Gec. 1). pressiong3) and(6) for D.

(if) Because the polarizability densiti€, Gjj, Ay, and (vi) The major differences between the results of the two

i of electric quadrupole-magnetic dipole order do not octheories occur after the unphysical material constants of each
cur again at higher multipole orders, the response fi2ld have been transformed, and then come from a seemingly
associated with the transformed permittivitg6) of the  small cause: namely, the different translational properties of
traceless theory will be unphysical to all multipole orders. A, anda; on the one hand, and;, and ajy on the other;

(iii) Comparison of Eqs(28)—30) and (66)«68) shows see Eqs.(17), (37), and (38). Specifically, it is the terms
that the transformed material constaAfs Tjj, andU;; inthe  Ra; 6y and R in Egs. (37) and (38) that cause the
primitive and traceless versions of the theory differ markedlytransformation theory to produce such different results.
in their dependence on the polarizabilitieg, Ay, andAj,. (vii) At electric quadrupole—magnetic dipole order there is
For example, in Eqs(66)—(68) the densityGiﬁ has been no contribution to the permeability of the medium. This is
transformed out of the magnetoelectric coefficients and intarue of both the direct and the transformed theories, in either
the permittivity. the primitive or the traceless versidBecs. II-I\j. The ac

(iv) It is interesting to consider where the differences inpermeability is a property of electric octopole—magnetic
these two versions of the theory arise. The starting points ofjuadrupole order and its expression in direct multipole
both versions are the quantum-mechanical relations on whictheory is unphysica6].

Egs.(11)—(13), (31), and(32) are based; that is, on relations  (viii) The transformation theory has been successfully ap-
between expectation values of multipole moment operatorplied to electric octopole—magnetic quadrupole order in the
(electric dipole and quadrupole, magnetic dipaéa charge primitive formalism, thereby providing a physically accept-
distribution in vacuum and the microscopic electromagneticable expression for the lowest-order contribution to the ac
fields[6,17]. These relations are independent of whether ongermeability[18]. These calculations are considerably more
uses a primitive or a traceless quadrupole moment operatadifficult than those of electric quadrupole-magnetic dipole
This is due to the transverse nature of the microscopic fieldsorder, and they pose a challenge for multipole theory. Their
as is clear from the treatment of Barrp®6]. Thus the mi-  successful completion encourages confidence in the primi-
croscopic starting points of the primitive and traceless theotive formulation of the theory.

1 L, 1 .,
- 6|(aill —iajy) Sjcki + 6|(ajll + 'aj||)5|kkk- (72)
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